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PATHS OF TARGET-SEEKING MISSILES IN TWO DIMENSIONS
By Charles E. Watkins

SUMMARY

A rather detalled discussion is given of some of
the parameters that enter into the equation of the path
of a missile which 1s made to pursue a moving target.
The missile was assumed to be guided by a target seeker
that might be employed in any one of several ways. Four
particular methods of employlng a target seeker were
assumed for dlscussion. These methods and the deslgna-
tlons of the resulting motion are:

(1) If the -target sesker 1s installed in the missile
so that the axls of the field of view of the target
seeker 1s always parsllel to the longitudinsl axlis of
the missile, the resulting motion 18 called normal pur-
sult navigation.

(2) If the target seeker is instslled in the
misslile so that the axls of the fleld of view of the
target seeker makes a constant angle with the longi-
tudinal axlis of the mlissile, the resulting motion is
called constant navigation.

(3) If the target seeker i1s installed in the
misslle in such & way that the axls of its field of
view turns through an angle that 1s a definlte vropor-
tion of the angle turned through by the axis of the
misslle, the resulting motion is called orovortional
navigation. .

(4) If the target seeker is installed on or near
the launching station and made to direct a beam of
radio slgnals at the target so that the missile can be
4 made to fly in this beam of signals to the target, the

- resulting motion is called line-of-sight navigation.

For each method considered for use of a target
seeker, the differential equations of highly simplified
two-dimensional pursult paths are presented. 1In the
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cases of normal pursult and constant navigation, analyti-
cal solutions of the differentlsl equetions of the
simplified pursult paths were obtalned and evaluated

for some 1llustrative examples. It 1s shown that, for
these cases, pursult paths with finlte curvature are
obtalned only if the ratio of the veloclty of the misslle
to that of the target 1s less than 2. Differentlal-
analyzer solutions of the equations for oroportional
navigaetion are presented for dlfferent rates of naviga-
tion and for different inltial conditions. The pursult
paths resulting from prooortional navigation generally
improve as the rate of navigation is increased and/or

as the ratio of the veloclty of the misslile to that of
the target 1s Ilncreased. Proportional navigation is
concluded to be by far the best of the methods con-
sldered for using a target seeker installed in a missile,
The equation of line-of-sight paths was reduced to
functions of ellliptic integrals and to a simpler form
for numerical evaluation. They were evaluated for some
particular conditlions. The curvature of line-of-sight
paths l1ls generally finite. TIn all cases the affect on
the nature of the pursult paths-of the important factors
of relatlve speeds of the missile and target and the
relative locations and dlrections of flight of the
missile and target at the beginning of the pursult are
brought out.

The effects of incressed angle of attack and side~
slip due to turning were not taken into account in the
analysls but these effects are briefly dlscussed. The
work 1s intended only as a gulde to be used in deter-
minlng the manner in which a target seeker can be used
to best advantage for a given problem.

INTRODUCTION

It is proposed that a mlssile of the type that
flies as an ordinary alrplane can be made to pursue amd
Intercept a moving target by equlipving the missile with
an automatic pilot which would be ectuated by signals
from a target seeker. A target seeker 1s a device that
can detect the oresence of certaln objects or targets
within 1ts fileld of view by one of several methods such
as by heat, light, or sound emitted from the target or
by recently develoved radlo equlpment.
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The field of view of the -target seeker can be con-.
sidered as s cone with its vertex in the seeker. .As a
target moves in thls cone ‘the- target seeker can be
arranged tp_give aignals %hat are related to the dis-
placement of the tdarget fyom the.axls of the cone. and
the -dlstance of the target from the target 'seeker.

.Thege signals cén thus be used to direct the automatic ’

pilot to guide the missile toward the target.

It 1s further provosed that, for the purpose of
gulding a missile. to a target, the target seeksr may be

installed elther.in the missile or on or near the device

used for lasunching’ the missile. If installed in the
mlssile,. the target seeker may be arrsnged elther to-
have some specified fixed vosition or to turn in some
prescribed. mannep .ond, in elthetr case, to tranamit
signals, directl{ to the automatic pllot. If installed
on or near the aunp hing devlceh he target seeker could
be. arranged to tupn. in all, directlons so that the target
can be kept. automatically in the center of 1ts field of
view and thus directly contacted by a beam of radio
slgnals., By means of radio equipment the missile can
then be made to fly in this radio.beam snd thereby to
remain between the target séeker and target until it
reaches the target. The misaile may be launched from

an airplane,a ship, or a stationary ground station.’

If the assumption 1s made that a missile, equlpped
in some megnner as.previously proposed, will pursue a
moving target end that the target-seeking equipment does
not render it.dynamically unstable, the nature of the

. theoretical flight path (whlch will herelnafter be
called pursult path) and thus the maneuvers (direction .
. and rate of turning) required of it to follow the path

depend on the path of the target, the relative speeds
of the target end mlssile, the relstive direotions of
flight and locations of the target end missile at the
beginning of the pursult, and finally, to a great extent,
on the manner in which the target sesker 1s employed,

.If a comparisen of pursult paths that might be
obtained under different conditions 1s desired, some
qualitetive bases must be esteblished by which the
paths can be compared. Inasmuch as the adverse sasero-
dynamic effects encountered in turning an alrecraft
increase with the rate of turning, the principal basis
for comparison should be the rate of turning required
of the misslle to follow the path. The path that
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requirés a miridmum pate of turning therefore can gener-
ally be’ considerad the best path. - 0thér factors to be
'oonsidered “gre the point along the path’ ‘at which the
maximum rdte ‘of turning is required, the accuracy with
which certein required parameters leadihg to a particular
type' of path can be determined within the time that may
be allotted, and ‘the dirsction from which the missile
avproaches the target at the end of the pursult.

, For any particular method of ermploying a target
seeker, the problem of determining the ectual flight path
1s in general an-exceedingly difficult task that involves
an enormous amount of computation. N@vertheless, by
choosing different methods of employing a target seeker,
neglecting aerodynamic effects, and meking some highly
simplifying assumptions, theoretical paths can be
obtained that indicate the effects that some of the
different factors determining the flight path have on
tha nature of the nath. Knowledge galned from the study
of simplified cases serves as ‘a gulde in arriving at a
satisfactory method of employlng a target seeker and

sui table values of any arbitrary parameters that might
affect the nature of the flight paths for the more -
general and 4difficult cases.

The purpose of the present paper is to investigate
some possible methods of using a target seeker and to
derive corresvonding pursult paths. A comparison is made
of pursult paths obtained under simllar conditions for
different methods of using a target seeker. The effect
on the nature of the paths of the important factors. of
relative spesds of the mlissile and target and the relative
Yocations and directions of flight of the mlissile and .
target at the beginning of the pursult ere dlscussed in
detall. .

SYMBOLS
The symbols used 1n this discussion are defined as

follows:

X, ¥ Cartesian coordinates denoting position of
missile at any glven time

Xqs Top coordinates of target at any given time referred
to coordinate systen of mlssile
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A=

distance from vertical axis to target path
--axis of -fleld-of view of target seeker

time

velocity of miasile

velocity of target

ratio of velocity of missile to veloclty of
target (V/Vq)

distance from misslle to target at any glven time

angle (positive in countercleckwise direction)
between direction of flight and reference line
Joining initial position of missile and target

angle (positive in counterclockwise directilon)
between axis of fleld of view of target seeker
and reference line jolning initial position of
missile and target

angle (positive in gounterclockwise direction)
between X~-axls and reference line jolning
initial position of missile and targeb

Q 1s al in th -3 s
( s always in e range 2<(2< 2)

constent angle (positive in counterclockwise
direction) that longitudinal axis of missile
makes with axis of target-seeker field of
view; applles only to constant navigation

ratio of angle turned through by missile to
angle turned through by target seeker (4/c).
Measured relative to reference axis; applles
only to proportional navigation '
angle of sideslip

rate of curvature @%‘)

N cos O

V& - Nasin (o}

(applies only to constant navigation)
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B arc sin (N sin ©) (applies only to constant
navigation) e

= 8y
P =3z

Subscripts:
0 initial values

max maximum
SIMPLIFYING ASSUMPTIONS

Besldes neglecting aserodynamic effects the following
slmplifylng assumptions are made:

(1) T™he target moves in a straight line.

(2) The missile and-target move at constant speeds
and remaln in the same geometrical plang.

(3) The target seeker, automatic pilot and missile
respond immedl ately to correct any deviatlon of the
target from the axla of the field of view of the target
seeker.

(L) ™e missile always moves in the direction of
its longltudlnal axis.

Although the aerodynamic effects are totally neg-
lected 1n deriving the equations of the pursuit paths
discussed hereln, the final sectlion of the repsort pre-
sents a brlef discusslion of the effect that change in
angle of attack and sideslip duve to turning might have
on the paths.

METFODS ASSUMED FOR USING A TARGET SEEKER

The dlfferent methods assured for using a target
seeker and the corresponding terms used to designate
the method and the resulting pursult curve are explalned
in ths paragraphs that follow.
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Normal-pursuit navigation.-~ If the target seeker 1s
assumed to be fixed in the missile so that the axls of

- the: field of view.of .the target seeker is parallel to

the longltudinal axis of the misalle, the missile would
presumably always go directly toward the target. The
motion 18 called normal-pursult navigation and the pur-
sult path resulting from such motion 1s called a normal-
pursuit path. Figure 1l(a) shows the geometrical setup
used to determine the equations of such a path. The
longitudinal axis of the missile, the direction of its
motion and the axia of the target-seeker fleld of view
are all made to coincide. The differential equations
of the normal-pursuit path can be integrated by simple
methods and reduced to simple formulas for computation.

Constant navigatlon.- If the target seeker is
assumed to be flxed iIn the missile with the axls of 1ts
fleld of view at a given angle relative to the longl-
tudinal axis of the missile 1n such a way that the

"missile always leads the target, the resulting motion

of the missile 1s called conatant navigation. Flg-

ure 1l(b) shows the geometrical setup used to determine
the equations of the pursult path resulting from con-
stant navigation. The longitudinal axis of the miaslle
and 1ts direction of flight are assumed to coincide.

The differentisl equations of the pursuit path resulting
from constant navigation can be integrated by simple
methods but the resulting formulas are tedious to handle
in cgmputational work.

Proportionel navigation.- If the target seeker is
installed 1n the missile in such 2 way that the axis of
1ts field of view turns through an anglé that 1s a

‘definite proportion of the angle turned through by the

longlitudinal axls of the missile, the resulting motion
of the missile 1s oalled proportional navigation. Fig-
ure 1(d) shows the geometriocal setup used to determine
the equations of the pursult path resulting from pro-
portional navigation. The longitudinal axis of the
missile and the direction of its motion are assumed to
coincide. The differential equations of the pursuit
path resulting from proportional navigation cannot be
Integrated 1n closed form; however, they are easy to
evaluate by numerical methods. Solutionas were obtalned
for this report of & number of aspeclal cases on the
differential analygzer of the General Electric Company.
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Line-of-sight navigation.~ If the target seeker is
Installed on or near the apparatus used for launching
the missile and 1s made to direct & beam of. radlo signals
to the target for the missile to 1y in, the resulting
motion is called line-of-sight navigation, and the
resulting pursult curve is called line-of-sight path.
Flgure 1(e) shows the.geometrical setup for this case.
Although the differential equation of the Iine-of-sight
path cannot be integrated, 1t can be reduced to form
suitable for numerical evaluatics or it can be
reduced to parametric functions of elliptic integrals of
the flirst and second kinds. .

DISCUSKION

The differential equations of pursult paths resulting
from the different types of mavigation defined will be

solved, when possible. The derivaticn of the differential

equations of normal pursult paths will be taken up in
detall and, since the equations for constent and propor-
tional navigation can be durived in an anglagous manner,
1t will suffice when those cases are reasched simply to
write the appropriate equation.

Normal-Pursult Navigation

Equations of norral-pursvit path.- In figure 1(a)
the Cartesian coordinate axes are chosen so that.the
origin represents the 1nitlal position of the mlssile
and (x, y) 1ts position at any time .t. The x-axls
1s chosen perpendicular to the vath line of the target
so that the equation of the path of the terget
becomes x = a. The target 1s assumed to move 1n a
positive direction along this line from 1ts 1nitial
position (s, YTQ) to (a, yq). ‘

With the geometry of the problem thus established
the required equation can be obtained. By equating
equal expressions of time, the equetion

. 2 " . .
dyr) (ax)2 + lay)2 ™
Vo v
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or

sl

2
1+ (%i) (1)

1s obtained. Since the target 1s always in the tangent
to the path of the mlsslle a second relation

yT-y=g‘E(a--x) (2)

1s obtalned.

Equations (1) and (2) can be combined and integrated

In Cartesien form but 1t will be convenlient for other
considerations to make the followlng substitutlions:

a = x =R cos (¢ + Q) h

Yp - Y= Rsln (¢ + Q) > (3)

yT = yTo + V,I.'t"ln

With these substitutions the equations of the oath become

vV . ~
gf‘-‘?'rcos (e + Q)
; s (L)
R: -
it Vp sin {f +0Q) -V
) o
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or

%5 = [tan (¢ + Q) - N sec (¢ + Q)] de ~(5)

Integrating equation (5) and evaluating the constant
of integration at t = 0 glves

N2

' N2
R=Rg cos fl 1+sin Q sec (¢ + ) 1-3in (¢ +Q . (6)
1-sin Q] 1+s8in (¢ +0Q) :

In equation (6), as the value of R ranges from

to zero the value of € renzes from zero to (90 - Q).
Therefore, regardless of the values that Fg, and N
might have, the pursult path will slways end tangent to
the path of-thé target. If the misslle 1Is assumed to be
capable of the turning that might be required to follow
the path it will always catch the target by golng dlrectly
in behind it. Tnasmuch as countermeasures could be

easlly devised to destroy a wmlssile in such a tall-chase
poeltion, this aporosch 1s consldered a great dlisadvantage
of normal pursult navigation.

The time +t corresponding to the. value of R 1n
equation (6) for a given value of € 18 obtained from

€
t=‘§,f B ae
o cos (e + )

N .
—_— (N+8inQ) -R[N+sin (¢ + Q] (7
V(N - 1) {Ro : } !

" The Cartesian coordinates (x, y) of the two-
dimensionel normal-pursuit path for eny '‘given values of
of N, » and (] can now be obtained from equa-

tions (3), (6), and (7).
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Rate of curvature.-~ The rate of curvature of the

'-normacl-purauit ‘path or--the rate-of turning required by

a missile to follow the path 1s given by-

K

oo

1
ng

Vo : .
=-g cos (e +02)

' | | 1+din (¢ + Q) Ve
v : oo_sz(e + Q) domomand (8)

ROI‘I cos Q(L1* BinQ N/ 1l-sin (e +0Q)
l-81n 0 .

From equation (8), for glven values of N end D,
finite rates of curvature for particular values of € are
seen to be inversely broportional to FO. Thus from the
consideration of curvature a normal-pursuit path gener-
ally lmproves as the value of R, 1s increased. The

function of N and 0 appearing in the first bracket
of equation (8) can be written as :

1 L - (09'8 Q)N-I (9)
¥ cos Q (1.t 8in /2 N(1 +sin Q)N
1l - sinQ

For any particuler value of N > 1 the value of

equation (9) increases as I decreases from ud

toward -g-; therefore, better normal-pursuit paths are
obtained for larger values of .
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The .effect of N, on the rate of curvature of a
"normal pursult path can be seen by considering the last
two factors of equation (8). These factors can be written
as ' '

N2
N/2 2
cos2(e +Q)[l+ sin (e +Q):l - _.E.+sin (e + Q)IN-a (10)

1-3in (¢ + Q) 3
[1~8in (¢ +0)]

If the value of N 1s in the renge 1< NS 2 the
exponent of the denominator of equation (10) 1s negative
or zero asnd the value of equation (10) is finite for all
values of €. For 1 < N <2 the curvature is zero at
the end of the onursuit. If N > 2 the exponent of the
dencminator of equation (10) .1s.positive and the curva-
ture becomes infinite as € -3(90 - Q). 1If, therefore,
normal-pursult naths that have a finite rate of curva-
ture at all points are to be obtalned; the ratio of the
velocity of the missile to thet of the target must not
be greater than 2.

The fact that the curvature of the path becowes
infinite does not necessarily exclude the higher values
of N. As N. increases beyond 2 +the point along the
path at which a glven finlte rate of curvature 1s reaehed
moves toward the path of the target. A value of ¥ > 2
can thus be determined theat wlll cause the glven rate of
curvature to occur when the missile is so near the target
that, for all practical purposes, it can be considered
as having hit the target without having gone into a taill
chase. Such values of N are comparatively large and
for targets as fast as modern air:lanes would require
exceedingly high-sneed .missiles.

For example, a wisslile that could pull 15g normal
acceleration in a steady.turn would have to travel at
the rate of 12,000 feet -per second to come within 200 feet
of a target that moved 500 feet per second along a stralght
aourse wlith the initiel conditions Ry = 50,000 feet,
=0,



It has been polnted cut that for values of N f1h the range 1< K< 2
the value of the curvature is zero at the end of the pursult. The value of ¢
for which the maximum rate of curvature oscurs can be obtained by differen=-
tiating equation (8) with respect to ¢ and equating the results to zero,.
which glves .
Co }

9091 *ON YOV VOVN

i ' ' : .0 N/2 o
%K_ v cos (e + Q) [l+ sin (€ + Al] [N-2 sin (¢ + )

N/2 1 - sin (€ + ()
14+ s8inQ
FR, cos Q(——-——-)
1 - 8in Q :

0 .. | ' Cne 4

or
€ = a-rc sin (N/2) -0 - ) (12)

The nondimensional distance from the target at which the maximum rate of
curvature occurs can be obtalned by substituting the value of ¢ from equa--
tion (12) into equation (6) and dividing the results by Ry

R _2cos l+sinQN/22-NN/2 . (13)
Ro_m 1-s8inf 2+ XN ' &
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" A series - of curves obtained from equation (13) for
values of N 1in the range 1< N<2 and for values
of  at intervals of 15° from -45° to L5° are shown
in figure 2. By interpolation the curves can be used
to estimate the distence from the target at whlch the
maximum curvature occurs for any value of Ry for the

ranges of values covered by { and N.

The value of the maximum rate of curvature for
1 <N<2 1is obtained by subatituting equation (12)
into equation (8)

. . N/2
Ko = Y (LL N2 N)
/2

N,
R 1+ s8inQ)
_ (1 - sin‘])

If both members of equation (1ll) are multinlied
by Rg/V, this equation becomes of a nondimensiotmal.

nature that can be evaluated ahd plotted for different
values of )} and N.

. A plot of this kind can be used, by interpolaetion,
to estimate the maximum rate of curvature for any values
of Ry and V for the ranges of values covered by 0
and N. In figure 3 the values obtailned from equation (1l)
multiplied by Rp/V for values of Q at 15° intervals
from -15° to L,5° and values of N in the range 1< NS 2
have been converted to degrees and plotted against N.
The dashed curve shown in figure 3 indicates the value
of N that gives a minimum value of maximum rete of °
curvature for a given value of fi, It is plotted from
points obtained by differentiating equation (1l;) with
respect to N, equating to zero, simplifylng and solving
the resulting equation for N when particular values are
asaigned to {l. The derivation of the equation follows:

8Emax  Kmax 2 + N\/1 - 5;n 0 1
= 1l - =
v 2 °5[(2 - X (1 + sin n) ¥ =0
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or

2+ R\/1 < sin Q\| 2 _
105[(2 - :)(1 Toin n) 5~ ° (15)

Illustrations.- In order to illuatrate further the
effect of the value of N and Q on the -nature of
normal-pursuit paths, figure L is presented, which shows
a number of such paths and the corresponding rates of
curvature for different values of these parameters. “The
pursuit paths are plotted so that they can be made to
apply to all values of Rg. The curves of the rate of

ocurvature, which has been converted to degrees, require
the knowledge of Ry and V for evaluation.

Constant Navigation

Equation of path resulting from constant navigation.-
¥hen the target seeker 1s fixed so that the axis of its

field of view makes a constant angle O relative to the
longitudinal axis of the missile the dlfferential equa-
tions corresvonding to equations (L) and (5) for normal-
pursuit paths are )

de 1 _ h
rrad [VT cos (¢ + £ V sin q]~
_ > (16)
dR _
at - VT.sin (¢ + Q) « Vcos © J ‘
or
ar Vr 8in (¢ + Q) - V oos ©
R Vpcos (€ +0) -Vsing ds
b
. - 8in (¢ + {) - Ncos O de (17)

cos (¢ + Q) ~Nsino
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If Vp 1s maede zero, equation (17) lesds to the -
commonly known logarithmic spirasl. For other values
of Vp and for positive values of O such that
o < are sin 1/N, equation (17) can be integrated to
glive ]

.- av :.| ":..' ..
os (¢ +0) - etn EF7Y (18)

R =01
[l - sin E cos (¢ + Q) +.cos E sin (¢ + Q]

3

where
sin E = ‘N_sin- o
cos E = \/I- Nasinaa
.A'F' N co8
ﬁ - L‘esiha c
and

Ro(l - sin E cos Q + cos E sin a)d
¢1 = A-1
‘(cos.Q - sin E) - -

In eéuation (18), as the value of R ranges from Ro
to zero, the value of ¢ ranges.from szero tonE%-E - Q).

The angle at which the pursult path and target path meet
1s therefore (E - o), which is not zero for o # O

and N # 1. Tell chases are thus avoided, but near tail
chases will occur 1f ¢ 1s small.
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The time ¢ corresponding to R 1in equation (18)
for a glven value of" is obtad.ned from

¢

t = B — d¢
f Vp cos (¢ + () -V sino
0

NR
VA(AZ - 1) coad®

sin E [oos ‘(¢ .+ Q)- -.8in E]

- A cos E [sin:“(e'+ Q) -+ A .o-oa E]}+ 0, (19)

where

[sin E (cos Q - sin E)

=ﬂ:--'-.-Nﬁ61.“m

VA(22 - 1) cos3E

Co

- A co8 E (sin'ﬂ + A cc;s B)]

Equations (18) and (19) and the substitutions given in
equation (3) make it possible to compute the Cartesian
coardinates of the path for given values of N, Ros 2,

and oO.

Rate of curvature.- The ‘rate of curvature at any .
point along the path is gilven by

K

[cos (¢ + Q) - sin E

n
21
1
Dn'ﬂa
ctrim

L
NR

{1l ~5in E cos (€ +Q)+cos E sin Lc+ﬂ)]___
{cos (c+n)-sinE]

where C; has the same value as in equation (18).

-(21)

1]
&l
i)
~—\
',:-
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From the expression given for (C,, finite valueé of

the rate of curvature for partiséular values of € appear
to be inversely proportional to the initial distance

for given values of N, £, and o. It will be shown
that two cases arise where this statement 15 not true.

From the sxponent of the denominator of equation (21)
if 1 <A <2, the curvature is seen to be zero when R
is zero (thet 1s, when cos (¢ + ) = sin E).

The effect of l, o0, and ¥ on the nature of
oursuit paths obtained by constant navigation are so
Interrelated that 1t is dAifflicult to isolate the effect
of eny one of these parameters. In view of this 4iffi-
culty the lmportant effects of certaln combinations of
all or part of these three parameters will be dlscussed.

In the factor

A-1
1 (cosrﬁ.- sin E) (22)

C
1 By(l - sin E cos Q + cos E sin Q)

-

of equation (21), if 2, ©, and N are soc related

that cos Q = sin E, that 1s, 1if Q= $(90 - E) # 0,

the value of equation (22) and hence the curvature 1s
zero for all values of R. The pursuit path 1s therefore
a stralght line as shown in figure 1l(c), cases I(a)

and I(b). These two particular cases constitute the
excevntion to the effect of Eb mentioned previously.

Although atralght line paths are 1deal from the
conslideration of curvature, they would likely be
unobtelnable in actual practice by constant navigation.
The value of the parameters under dlscussion would have
to be known exactly. A small error in the evaluation
of the parameters for such a path might lead to a path
with very high curvature. )

If the value of Q 1n equation (22) is in the
range -(90 - E) < < (90 = E) pursuit paths of the
type shown as cases II(a) and ITI(b) in figure l(c) are
obtained. If Q 18 greater than (90 - E) or less
than =(90 - E), pursuit paths of the type shown as
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cases ITI(a) and III(b) are obtained. The sign of the
. ourvature in .cases. I1I(a). and ITI(b)..18 noted to be
opposite to that of cases II(a) and II(Db).

Combinations of the parameters {2, ' G, and X
that lead to infinite rates of curvature will be shown
when the expression for the maximum rate of curvature is
derived.

The value of ¢ for which the maximum rate of
curvature occurs is obtdained by differentiating equa-
tion (21) with respect to ¢ and equating the results
to zero, which glves

dx _ Vv rtl - 8in E cos (¢ + £2) + cos E 8in (¢ + Q)]A
de Ny \L A-1

[cos (¢ + Q) - sin E]

x [A cos E - 2 sin (e +ﬂ)]=(_)

or

A cos E_Ncos o

1 e +00) =
sim ) 2 2

(23)

for

O<chso§__1

The value of (¢ + Q) in terms of N and ¢ in
equation (23) substituted into equation (18) gives

(W-I- - Nacosao - 2 8in E)A-l (2lh)

A
(2 - sln B \/h - Xocosg + N coszo)

R = 2,
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as the distance from the target at which the maximum
rate of curvature occurs. Equation (2l;) divided by

18 shown plotted as a function of (1 for partioular
values of N aend O 1in figure 5.

The value of the maximum rate of curvature for
0< E—"E—’—i’- <1 1s obtained by substituting the value

of (€ + Q) in terms of A and E found in equation (23)
into equation (21), which gives

A
Kpax = v (2 - 8in B Yl - 4%c0s°E + 4 cosaE)
: ~ Lne, -, —
(\/’-l- - A cosE - sin E)

(25)

By use of the relations

N - 1

cos E = ———
A -1

and

s8in E =

" the bracketed term in equation (25) can be expressed as
a functlon of A and N and the expression becomes




Koy = L ({5 - PR L+ a VB (502~ 2@l -2 Va2- NZ) 6
el AN e (a2 - 1)

From the denominator of the first term in parentheses in equation (26)
the maximum rate of curvature 1s seen to be infinite when A =2. Wwhen
A =1 the expresslon becomes indeterminate but 1t can be shown from equa-»
tion (21) that the maximum curvature 1s finite.

90H9T *ON HOV VOVN

.The valug of N 1in terms of A and o 1is

N = — " (27)
\/1 + (A2 - 1) sin?c

From equation (27) it can be seen that for values of 0 #0 and A # 1 the
value of N 1is less than A. If A =2 and O ranges from zero to wn/2

the value of N ranges from 2 to 1. Thus an infinite rate of curvature can

be obtaeined for any value of N > 1. Corresponding values of N and ¢ that
glve infinite rates of curvature are plotted in flgure 6. The value of A as

a function of O for particular values of N 1s plotted in figure 7. These
figures show that for a given value O # 0, the upper value of N in the range
of values of N > 1 that give finite rates of curvature (values of A < 2)

1s less than 2 and the upver value of this range decreases as G increases.

Tor values of A > 2 the rate of curvature 1s infinite at the end of the
pursuit as can be seen by considering the exponents 1n the followling limit: N
far]
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Iimit

c—> g - (e + Qi] '

A
V [1-sin B cog (¢ + Q) + cos E sin (¢ + Q)] (28)
NG cos {¢ + Q) - stn g *2

In the range of values of A > 2 +the polnt along the
pursult path at which & given rate of curvature occurs
moves toward the path of the target as A 1ncreases;
therefore, A can be made large enough to bring the
missile so near the terget before any appreclable turning
18 required that it can be considered to have hit the
target.

The value 1n degrees per unit of time of the maximum
rate of curvature multiplied by Fg .and divided by V

for sarticular values of N end O is plotted in fig-
ure a8 a function of 0 for values in the range

-(90 - E) < Q< (90 - E). In figure 8 for values of N
near l.2 small maximum rates of curvature corresponding
to a wide range of values of Q and o occur; ase N
increases, the range of values of () and.c that give
finite rates of curvature decrease. For values of
outsilde of the range -(90 - E)< 2 < (90 - E), thse
rate of curvaeture always lncreases as R decreases.

Illustrations.- Figures 9 and 10 show some 1llus-

trative pursult paths and the corresponding rates of
curvature obtalned from constant navigation for various
values of N, I, and o©. The curves are plotted in
the same nondimensiocnal form as those of normal pursult.

Proportional Navigation

Unfortunately, the differentlial equations of the
paths resulting from provortional navigation can be
Integrated in closed form for only special cases. The
general treatment given the equations for normal pursult
and constant navigation cannot be given. The case for
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a 2:1 rate of navigation can be integrated to yleld R,
x, and. KX but not t =ashd .y. This case 1s therefore
discussed and conclusions for lbow rates of navigation
can be drawn from the results. Solutions for other rates
of navigatlon obtained. by the differential analyzer will
be presented and disousaed. . S .

ooy T
L

Although it has been assumod fop.this discussion

" that target-seeking aircraft are not’ rendered dynamically

unstable by the .target seeker, this assumption may be
unjustifiable, especially rqr-high raxes of proportional
navigation. '

Equation of path resulting from 2:1 proportional
navigation.- The differential equations of the path

resulting froman n:1 rate of proportional navigation
are

i =
i—: = %E’T cos (¢ +Q) - V sin (n - '1)'{"'
g (29) -
dr _ -
d—t—[VT sin (¢ + Q) --V cos (n-l)EJ )

or

dR _ sin (€ +0) - N cos (n -~ 1)¢ de (30)

R cos (¢ + Q) - Nsin (n - 1)e

Equation (30) can be easily handled by numerical

methods for any value of n. The range of € 1s from

zero to the solution of

cos (€ + Q) = Nsin (n - 1)e = 0 (31)

The angle at which the pursult path and target path

meet 1is
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g- (ne'+ Q) | O (32)

Tail chases are therefore not engountered.

¥hén n _-"-'_'2 equation (30) becomes..

-
[

dR _ Bin (e + @) - Ncos e ., - .." (33)

R cos (€ + ) -~ N sin ¢

which can be integrated to give -

1
N2-1 N2+1+2NsinQ
R = cosf{e +{}) - N sinc-l e—zuccos
Ro cas (34)
Equation (31) now becomes
cos (€ + () - Nsine =0 (35)
for which the solution is
c=ar'ctaln.-—-2-°££——)” 6
(N + 8in (36)

The angle at which the pursult path and target path
meet 1s, from equation (32) and (36),

(37)

-g- - are¢ tan

2N + (N + 1) ein O
(% - 1) cos D



...... - o
. — -

The value of t corresponding to R 1s glven by - g :
1 ! S
RN : o-2Necosl Ne+1+2NsinQ 1 =
e . ae i (38)
0 |(cos )" “[cos (¢ + Q) - N sin e:|2(1+NsinQ) | B
! 8
= o

which cannot be integrated by simple methods.

Rate of curvsture resal ting from 2:1 oroportional navigation. The rate of

curvature at any point along the path is gliven by

K = E{‘ E"—[coa (¢ + Q) - N sine]

1 )
1+¥4+2Ns1n Q-
' (39)

- Tli!% .{( coa Q)Nz-l fos (¢ + Q) - N sin €] 2(1+ NﬂnmeENmosﬂ}

As in the case of normal pursult, for glven values of all other psrameters, the
rate of curvature 1s inversely proportional to the 1n1t1a1 distance RO between
the missile and target.

Since the value of R 1in equation (3l4) is zero when equation (35) is N
satisfied, the corresponding value of K glven by equation (39) is also zero, wn

-

I
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provided that (1 + K sinf)) > O. Dﬁfferentiating equa-
tion (39) with respect to €. and simplifying glves

JSE _ Ly | '
dc = “3g 10 (¢ + Q) (4o)

from which, 1f Q 2 0, the slope of the curve representing

the rate of curvature 18 seen to be negative for all
values of ¢ 1in the range '

0€ ¢ € arc tan ;__22251__ '
N + 8in Q

The maximum rate of curvature i1s therefore at the initial
point of the pursult vath and continuously decreases to
zero as R—-—>>0. The maximum value can be reduced by
launching the misslile so that 1t leads the target.

If NsinQ+1=0 or sinﬂ=--1ﬁ (Q in fourth
quadrent) equation (39) reduces to )

_2v Ve -1 320:/\/{;5-1
¥Ry

K (L1)

which 1s always finite for values of N > 1. In this
case the greatest rate of curvature occurs at the end of
the. pursuit path but as N I1ncreases, the terms

1A?'- 1/%2 and 2'V§§ - 1, the final value of ¢ and,

consequently, the rate of curvature at any point along
the nath all decrease.

If (N sin O + 1) € 0, the rate of curvature is
infinite at the end of the path but, as in the case of
normal pursult and constant navigation, the point at
which a glven raete of curvature occurs moves toward the

-
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path line of the target as N 1ncreases, If N 1is
" ‘sufficlently large the missile.wlll be nesar enough to
the target before a specified rate of turning 1s required
to be considered to have hit the target; thus, for any °
fixed values.oqf Ry and ), the path obtalned from 2:1

proportional navigation 1s aeen to improve.as N
increases.: .

Difrerentialhanalzzer-solutions.- Some of the results

of differential-anslyzer solutions of the differential
equations for porportional navigation, plotted in the
seme nondimensional form 'as those for normal pursult and
constant navigation, are presented in figuires 11 to 13.
Some of the curves in these figures, especlally those
for which the rate of change in curvature becomes great,
do not extend to the path line of the target because,
during the solution of the equations, one part of the
operation of the differential anelyzer machine was con-
trolled manually. When the rate of change in curvature
beceme high, operetion of this control became difficult
and 1n extreme cases, impossible. The portion of the
curves shown should be correct to within 5 percent.

Comparisons of flight paths and corresponding rates

of curvature for 1 = O° and for particular valueas of N
and n are shown in fisure 11&&) Figure 12 shows cor-
responding curves for =1} and figure 13 shows a
comparison of flight paths and the corresponding rates
of curvature for .{ = 0° N =2 and different values
of the proportionality factor n. These figures show
clearly the favorable effect on the curvature of
Increasing the value of N.

In figure 13 the greatest initial rate of curvature
corresponds to the greatest rate of navigation but the
greater the rate of navigation,:.the faster the rate of
curvature beyond the initial point approaches gero. If
the rate of navigation were made infinite, the rate of
curvature would be infinite for.the flrat instant of
time and would be gero therearter. ’

Theoretically, the curvature corresponding to any
rate of proportional navigation can be made zero at all
polnts along the path 1f the missgile 1s made to lead the
target by ah angle
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a‘rc; .ain (—---°°_; Q)

In actual practice this angle mighf be-aﬁproximated and
the curvature at all points along the path made very
small, particularly for small rates of navigatlon.

In view of the small range of values -of N -that
were found to yleld finife .ratés of curvdture for normal
pursult and constant navigation it &ppears that pro-
portional navigation 1s by far the hest of the methods
considered for installing a target .seeker in a missile.

Iine-of-Sight ‘Navigation

Equation of line-of-sight path.~ Although line-of-
sight navigation applies to cases where the missile 1is
kept either between a moving control station and the
target or a statlionary control station and the target,
the later case 1s considered in this discussion.

Referring to figure 1l(e) the initial position of the
misslle eand the control station are assumed to be at -the
origin of the Cartesian coordinate system and the target
1s assumed to travel in a positive direction along the
line x = a. If equal expressions of time are equated the
differential equation

T @ e

is obtained and, from the similarity of triangles deter-.
mined b{ the points (0,0), (a,0), (a,yT) end (0,0),
(x,0), (x,¥7), the relation

Vp = S = (Ry coa Q)% (43)
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1s obtained. Eliminating y, from equations (42)

.and (43)._gives the dlfferential equation of the path 1n
Cartesian coordinates, .

NRy cos Q (Px = y) = 1:2\/1: + P (L)

where

= &
Pp=3L

Bquation (L4li) cannot be-intégrated by simple methods
but can be reduced to a function of elliptic integrals,
so that 1t can be evaluated with the ald of tables or
can be reduced to & simple parametric form for numerical
evaluation. Both reductiona follow.

After differentiating equation (L) with respect
to x and simplifying, the results cen be written as

ax cos(l
5 * 5?1—:_527 -;E=:=;§r (L45)

which can be reduced to thé quadrature

cos
x{%i + P2 = Jr
\/1 + p

P = sin 8 V1 + 00829

e - um

(46)

Substituting

cos
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into equation (46) and simplifying glves

x = NRO coé Q (sin 8 \ﬂ + cosze.

- 8
- 2 tos ef \/;- L s1n% ag
5, 2

cos O

6
R -—-f 40 (48)
IR T

Bquation (48) expresses the value of x as a function of
ellliptic integrals of the flirst and second kinds. The

corresponding walue of g can be obtained from equa-
tions “—'-L'-), (,-1-7)1 and (L ). )

Solving equations (l)y) and (46) for x and y in
terms of integral functions of P glves

R
x=NR0°°sQfP ap__
2\/1 + 2% Y, Yo s p2

> (L49)

oo .. . &
P NRy cos {2 apP
b P 1l + 15 4
0 \/ ]
These expressions can be evaluated by numerical methods
to yleld the coordinates of the path.
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Rate of curvature.- The rate of curvature as a
--..function of . P 1s..

K 1 2v

=m‘6 s i v (\f1+p? - —Bx ) >
. ' NRy cos

where Pp has the same sign as (). The rate of curvature
1s dependent upon the inverse value of N and the inverse
value of Ry cos {3 = a, More favorable paths would there-

fore be obtained for larger values of 3 >0 and for
larger values of N. An infinite rate of curvature requires

that
Px = + P
NRgy cos {2
or
1
X =1+
o 22 . (51)

The value of the right-hand side of equation (51) 1s
always greater than unity and in the left-hand side,

as x ranges from O -to a, the value of x/Na ranges
from O to 1/N. Hence, for values of N > 1 the value
of x/Na 1is always less than unity end equation (51) is
not valid. The curvature is therefore finite if N > 1

and R, # O.

Illustrative examples.- Figure 1l presents line-of-
sight paths_and the corresponding rates of curvature for
Q= -45°, 0°, and [5°. The coordinates of the pursuit
paths have been divided by Na 'and rates of curvature
have been converted to degrees and multlpllied by Na so
that they are of a nondimensional nature. They can be
used to derive paths corresponding to the values of Q = o°
and 450 for any values of N and a,
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EFFECT OF ANGIE OF ATTACK AND SIDESLIP

It will be recalled that in all of -the pursult
paths that have been discussed no allowance has been
made for serodynamlic forces that would act on a mlssile
if 1t attempted to fly any of the derived paths. 1In
the case of an alrcraft that makes.turns by banking, the
principal factor arising from serodynamic~forces is an
increase 1n angle of attack required té compensate for
the loss in 1ift due to banking. With 8 target-seeking
misslle, as the angle of bank and corresponding angle of
. attack are increased, the axlis of the field of view of
the target seeker wlll point above.and ahead of the target.
The target seeker wlll therefore glve aignals for nosing
down and turning back toward the target. Consequently,
the mlissile wilill never get into the exact attitude for
making the required turn but will continue, for the greater
part of 1ts course, along a path of less curvature than
the theoretical path.

While the missile 1s in a banked attitude and at an
Insufficlent angle of attack to give the required 1ift,
a slight amount of inward sideslip will result. This
factor, however, may generally be considered negligible
compared with the outward deviation firom the theoretical path.

If the misslle 1s designed to make horizontal turns
without banking, the 1mportant factor arising from
dynamic forces 1s that of positive sideslip or skidding
which again tends to decrease the curvature of the path.

Vhen elther the effect of an increase in angle of
attack due to turning or the effect of skidding due to
turning 1s properiy taken into account, the analytical
expresslons for the flight path generally become unwleldy
and step-by-step mesthods must be employed to obtaln the
coordinates of the path. Because of thils difficulty the
normal-pursult and constant-navigation paths that have
finite rates of curvature can, by proper choice, be used
to best advantage by consldering them as boundaries of
actual two-dimensional paths that might be obtained by
constant navigation. For example, suppose that, for a
glven missile with the target seelker fixed for normal
pursult, 1t 1s known that 1< N< 2 and, at the point
of maximum curvature of the path, the angle between the
theoretical and actual direction of the exls of the

N e ey e
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target seeker is Bmax' If the target seeker 1is then
rearranged for constant navigation with o =.Bmax’ a

reasonable assumption is that the actual path will be
between the normal pursuit path and -the path obtained by
constant navigation with ¢ = B, . In-fact, the actual

path would be expected to be near the constant-navigation
path at the beginning of the course, to approach the
normal pursuit path at the point of maximum curvature,
and then to approach the constant’ navigation path toward
the end of the pursuit. Thus, if tail chases are to be
avoided, the point of maximum curvature should be near

. the beginning 'of the course so that the missile would
have time to recover from maximum deviation from the
theoretical path or the value of ¢ should be made so
large that the nath never approaches a normal pursuit
path ' : . _

_ In the case of proportlonal,nav1gatlon for n 2 2
and for values of ( in the range that cause the
maximum curvature to occur at’ the initiel point of the
pursuit path, the effect of increased angle of attack or
of sideslip can be made insignificant by launching the
missile so that it leads the target.by the proper amount.

In the case of normal pursuit for N > 2, constant
navigation.for A > 2  and proportional navigation for
n22 and values of { that give infinite curvature at
the end of the pursuit path, if. N- is made large enough
to require 1ittle turning before the missile is very
near the.target, effects of angle of attack and sideslip
are negligible.

with line-of-sight navigation, the target seeker is.
not mounted in the missile. The orientation of the missile
i1s therefore -not necessarily a factor in determining the
navigetion. In other words the path of the missile is
unaffected by angle of attack or sideslip for this case.

CONCLUSIONS

A discussion wes given of four possible methods of
using a target seeker to make a missile pursue a moving
target, namely, normal pursuit, constant navigation,
proportional navigation, and line-of-sight navigation.

- The following conclusions are drawn from the results:
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1. Normal pursult.- Normal pursuit paths with finite

curvatures are obtained only when the ratio N of the
velocity of the missile to that of the target is 1n the
range 1< NS 2. For given values of N ‘and the initial
angular position  Q of the target, the curvature at any
point of the path is inversely proportiondgl to the initial
distance Ry between the missileand the.target. For

given values .of Ry and N ' the path improves as Q
increases from the- smallest value it can have to the

largest value it can’ have (--< Q< —) Regardless of
oL ’ 2

the values of N,. .Rd& and Q. the path ends up tangent
to the path of the target.- Ce . . .

For valuss of ¥ in the range 1< N< 2 the value
of the curvature is gero when R = O and has a maximum
value corresponding to some ‘value of R # Ry. If the
maximum curvature -occurs near.-the end of the pursult the
effect of increased angle of attack or of sideslip might
prevent the missile from miking the prescribed turn and
thereby cause it to miss the target. If the missile does
meke the turn 1t will end its pursuit-in a tall chase
where it is most vulnerable to- destructlon by crewmen

of the -target.
|

" For values of N > 2 - the curvature is infinite
"when R = 0. If N 1is made large enough, pubrsult paths
are obtained that have very little curvature until the
missile is so near the target that it.can be considered
to have hit the target. With such a .path tail chases are
avoided and effects of increased angle of attack or of
sideslip are 1n81gn1f1cant.

2. Constant naV1gat10n.- Pursuit paths'obtained
from constant navigation have finite curvature only if

N cos G '
the value of A = s where o 1is the constant

vé - ¥sino ‘
angle of lead, is in the.range 1 < A <2 and N < 2.
For given values of N, £, and o the value of the
curvature at any point along the path is generally
inversely proportional to Ry.. If the relation between N,
2, and o0 is such that Q = ¥(90 - E), straight-line
vaths are obtained. )

. .. . .- . N -«
For values  of A in the range 1< A < 2 the value
of the curvature is zero when R = O " and has & maximum
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value corresponding to seme value of R % Ry The effect

of increased angle of attack or of sideslip is the same as
for normal pursuit. Taill chases might occur if o is small.

For values of A > 2 the curvature is infinite when
R=0 but,if A is made large enough, pursuit paths are
obtained that have very little curvature before the missile
is near enough the target that it can be considered to have
hit the target. Tail chases are avoided by such a path and
the effect of incressed songle of attack or of sideslip are
Insignificant, : ,

3. Proportional navigation.- Proportional navigation
appears to be by far the best of the methods considered
for using a target seeker installed in a missile. With a
2:1 rate of navigation pursuit paths with finite curvature
are obtained where (N sin +1) 2 O. For given values of N
and . Q the curvature is inversely proportional to Rp. For
given values of RO and 12 the paths improve as N increases.

1

For rates of navigation higher than 2:1 the paths
improve as N increases. The maximum curvature generally
occurs &t the initial point of the pursuit path and can
be reduced by launching the missile so that it slightly
leads ‘the target. Higher rates of navigastion may have
adverse effects on the stability of the missile, other-
wise they give better wnaths.

Taill chases are not encountered for any value of
N> 1 and the effect of increased sngle of attack or of
sldeslip is not significant so long as the curvature is
reasonably small. ‘

. ILine-of-sight navigation.- The curvature of line-
of-sight paths 1is generslly finite, It is dependent
vpon N, Rp, and Q2 and is more favoreble for larger
values of Q> 0, and for larger values of N. Angle
of attack and sideslip have no effect on the path because
the target seeker is not mounted in the missile.

Langley Memorial Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Fleld, Va.,
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